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Abstract  
The design of hydraulic transmission systems for control and actuation requires accurate knowledge of their 
dynamic response: some standard techniques are known to obtain a consistent dynamic model of a fluid line, 
including the contribution of inertia, compressibility and friction. In this study an efficient procedure is 
developed for simulating the dynamic response of a fluid line coupled with mechanical systems, in both the 
frequency and time domains.  A bi-dimensional approach is adopted for the fluid line, and the laminar flow 
frequency-dependent friction is modelled using non-integer order differential laws, which may improve the 
accuracy in comparison with more traditional Newtonian models. The coupling problem with mechanical 
systems is studied by means of both continuous models of the fluid line (yielding frequency response 
functions in exact analytical form), and discretized models of the fluid line (to express time response functions 
in approximate analytical form). 

 
1 Introduction 

Fluid transmission lines are employed in both hydraulic control and actuation of mechanical devices in 
several industrial and automotive applications. For high speed running conditions as well as fast transient 
operations, accurate models of the dynamic responses of fluid transmission lines are generally required, in 
order to know in advance critical behaviors and functionality limitations. 

Fluid transmission lines have been extensively studied by several authors taking into account attenuation 
phenomena. These models range from the simplest approach, which assumes a one-dimensional (1-dimensional) 
uniformly distributed flow [1-2-3], to more complex ones, in which the effects of compressibility and frequency 
dependent friction are considered as well [4-5]. 

A relevant problem consists of properly modeling the effects of fluid frequency-dependent friction. In 
several applications the fluids are mixtures including particles affecting the properties of the resulting liquids, 
which may be treated as non-Newtonian viscoelastic fluids [6-7]. For this purpose, several analogical models 
or constitutive equations have been proposed, most of them empirical or semi-empirical. Attempts were made 
to fit the fluid properties with conventional models, like the integer order Maxwell viscoelastic model, but it 
was not possible to achieve satisfactory fittings of the experimental data over a wide range of frequencies [8]. 
Then the development of techniques of analysis including more sophisticated models is of practical interest. 

Recently, fractional calculus has encountered much success in the description of viscoelasticity [8-9-10]. 
The starting point of a non integer derivative model of a non-Newtonian fluid is usually a classical 
differential equation modified by replacing the integer order time derivatives by fractional differential 
operators (i.e. non-integer order derivatives, commonly said fractional derivatives). 

In this study the transient laminar flow in a circular, constant section fluid line is investigated by means of 
a bi-dimensional (2-dimensional) approach [11-12-13], modeling the flow frequency-dependent friction 
using a non-integer order derivative constitutive law, according to the fractional Maxwell model [14-15], of 
which the Newton model can be considered as a particular case.  

The problem of coupling mechanical systems with fluid lines modeled according to the above mentioned 
non-Newtonian models is studied according to two different approaches: using continuous models, effective 
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for expressing frequency response functions (Frfs) in exact analytical form, and discretized models by modal 
decomposition (Galerkin method), effective for expressing time response functions (Trfs) in approximate 
analytical form. 

The developed analytical techniques are discussed by means of numerical examples, showing their 
accuracy and computational efficiency. 
 

2 Constitutive equations for a fluid line 
A non-integer order derivative rheological law of the fluid is considered, according to the linear fractional 

Maxwell model [7-8-9]. Its constitutive equation is: 
 

                                         ߬ ൅ ௙ߣ
డഀభఛ

డ௧ഀభ
ൌ ௙ߤ

డഀమఊ

డ௧ഀమ
ൌ ௙ߤ

డഀమషభ

డ௧ഀమషభ
ቀడఊ
డ௧
ቁ                                                      (1) 

 
where  is the shear stress,  is the shear strain, its first derivative with respect to time t is the shear rate, f is 
a fractional relaxation time, f is a fractional viscosity coefficient, 1 and2 are non-integer derivative orders, 
with 0  1  2  1 [7].  

If f = 0 and 2 = 1, Eq. (1) reduces to the classical Newton model, in which case f  =  has the 
dimension of an absolute viscosity coefficient. If f = 0 and 2 < 1, Eq. (1) gives the fractional Newton or 
Scott-Blair model [9]. If f  0 and 1 = 2 = 1, Eq. (1) yields the integer order Maxwell model, in which 
case f =  has the dimension of a relaxation time. Laplace transforming Eq. (1) yields: 
 

                                                    ࣦሺ߬ሻ ൌ ሻࣦݏሺߤ ቀ
డఊ

డ௧
ቁ ሻݏሺߤ			, ൌ

ఓ೑
௦భషഀమ൫ଵାఒ೑௦ഀభ൯

                                               (2) 

 
in which (s) represents the complex viscosity of the fluid [8]. It is worth noting that the modulus of (s) has 
the dimension of an absolute viscosity. 
 

3 Equilibrium equations for a fluid line 
The 2-dimensional laminar transient flow in a fluid line is modeled according to linearized Navier-Stokes’ 

equations in cylindrical coordinates, as represented in Fig. 1. After introducing some symplifying assumptions 
and Laplace trasforming as described in [11-12], the equilibrium equations can be written in the following form: 
 

                                                                       ቐ

డమ௎ೌ
డ௫మ

൅ Ψଶܷ௔ ൌ 0	

௔ܲ ൌ െߚ
డ௎ೌ
డ௫
											

                                                                  (3) 

 

where  is the bulk modulus of the fluid, Ua(x,s) and Pa(x,s) are the (cross-section) average values (in the 
complex domain) of the displacement u(x,t) and pressure p(x,t) respectively, and the complex function Ψ(s) 
is defined as: 
 

                                             Ψ ൌ
௦

௖
ට

కೃ௃బሺకೃሻ
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ఉ
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                                             (4) 

 

In Eq. (4)  and c are the density and the non-viscous speed of sound of the fluid, while J0(∙) and J1(∙) 
denote Bessel functions of first kind and orders 0 and 1 respectively. The solutions of Eqs. (3) can be 
expressed in the form: 
 

                                                         ൜
ܷ௔ ൌ ሻݔsinሺΨܣ ൅ 												ሻݔcosሺΨܤ

௔ܲ ൌ ሻݔcosሺΨܣΨሾെߚ ൅ ሻሿݔsinሺΨܤ
                                                     (5) 

 
where A(s) and B(s) are constants of integration, which can be obtained from two boundary conditions. 
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Figure 1: co-ordinate system. 
 

4 Eigenvalue problem for a fluid line 
The eigenvalue problem related to the dynamics of a fluid line can be stated by considering the first of 

Eqs. (3), which can be rewritten in the following form: 
 

                                                                         
ଵ

௎ೌ

డమ௎ೌ
డ௫మ

ൌ െΨଶ                                                                        (6) 

 
Since the right-hand side of Eq. (6) does not depend on the variable x, the function (s) must be 

stationary. After introducing a set of stationary terms n defined as: 
 
                                                                               Ψ ൌ

ఠ೙

௖
                                                                              (7) 

 
the eigenproblem formulation follows recalling Eqs. (3): 
 

                          	൞

డమ௎ೌ
డ௫మ
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కೃ௃బሺకೃሻିଶ௃భሺకೃሻ																																												

                        (8) 

 
The Hermitian function b(∙) of the complex variable s depends on the complex viscosity (s), on the 

density ρ and on the radius R of the fluid line. For the particular case of a Newtonian fluid: 
 

                                                                    lim௦→଴ ܾሺsሻ ൌ ܾሺ0ሻ ൌ
ସఔ

ோమ
                                                             (9) 

 
which is a well-known result coming from the 1-dimensional transient flow assumption [3].  

The stationary terms n introduced in Eq. (7) can be computed from Eqs. (5) by imposing the boundary 
conditions. In the simplest configurations, and for a fluid line of length x2 – x1 = L, they are: 
 

                                         ܽሻ	߱௡ ൌ ߱௡	ܾሻ			௅,߱ߨ݊ ൌ ቀ݊ െ
ଵ

ଶ
ቁ ߱௅			௅,߱ߨ ൌ

௖

௅
,			݊ ∈ Գ                                   (10) 

 
where a) holds for a closed-closed or open-open fluid line, b) for a closed-open fluid line. 
 

5 Discretized eigenvalue problem for a fluid line 
A discretization of the fluid line can be obtained by approximating the flow average displacement Ua by 

means of a linear combination of eigenfunctions computed with standard boundary conditions as in Eqs. (5) 
and (10): 
 

                              

ە
ۖ
۔
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௔ܷۓ
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ሻݔ୘ሺܖ ൌ ሾsinሺ߮ሻ, sinሺ2߮ሻ, … , sinሺܰ߮ሻ, cosሺ߮ሻ, cosሺ2߮ሻ, … , cosሺܰ߮ሻሿ
୘ܝ ൌ ሾܣଵ, ,ଶܣ … , ,ேܣ ,ଵܤ ,ଶܤ … , 																																																																		ேሿܤ

                    (11) 
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The application of the Galerkin method to the first of Eqs. (8) on the basis of Eqs. (11) yields the 

following algebraic eigenproblem: 
 

                                                    

ە
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గ

ଶ
׬ ܖ
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ௗఝమ
݀߮

ഏ
మ
଴ 	

								
ଶݏ ൅ 2ܾሺݏሻݏ ൅ ෥߱௡ଶ ൌ 0																																

                                              (12) 

 
where ML and K are 2N×2N dimensionless mass and stiffness matrices respectively. The stiffness matrix K 
can be rewritten integrating by parts: 
 

                                                  ۹ ൌ 	
గ

ଶ
ቈቚܖ

ௗܖ౐

ௗఝ
ቚ
଴

ഏ
మ
െ ׬

ௗܖ

ௗఝ
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݀߮

ഏ
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which makes it possible to take into account explicitly the boundary conditions (in matrix KBC) and gives a 
symmetric stiffness matrix of the discretized fluid line (KL). For the simplest standard boundary conditions 
(open-open, closed-open, closed-closed ends) KBC = 0. The matrices ML and KL can be analytically defined 
as:  
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                            (14) 

 
with: 
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                           (15) 

 
The algebraic eigenproblem in Eqs. (12) can be written in a different form, introducing a damping matrix CL: 
 

                                       ൤
௦మ

ఠಽ
మ ௅ۻ ൅ 2

௦

ఠಽ

௕ሺ௦ሻ

௕ሺ଴ሻ
۱௅ ൅ ሺ۹௅ െ ۹஻஼ሻ൨ ܝ ൌ ૙,			۱௅ ൌ

௕ሺ଴ሻ

ఠಽ
 ௅                                 (16)ۻ

 

6 Coupling with mechanical systems: solution in the frequency domain 
A mechanical discrete linear system with H dofs is considered, with mass, general viscous damping and 

stiffness H×H matrices ۻ෡ , ۱෠, ۹෡   respectively. The transfer function between its m-th and n-th dofs can be 
conventionally expressed as a linear combination by means of its eigenvalues sh and normalized eigenvectors 
v(h): 
 

ሻݏ௠௡ሺܪ                                                                     ൌ ∑ ௩೘
ሺ೓ሻ௩೙

ሺ೓ሻ

௦ି௦೓
ଶு
௛ୀଵ                                                               (17) 
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Let ܠො  be the related displacement vector, and assume that its n-th dof  ݔො௡ is coupled with a fluid line. If the 
external force vector is null except for its n-th element Fn, due to coupling with the fluid line, then the n-th dof 
equilibrium equation can be written in the Laplace domain in the form: 
 

                                                                           
௑෠೙
ி೙
ൌ  ሻ                                                                        (18)ݏ௡௡ሺܪ

 
where ෠ܺ௡ denotes the Laplace transform of ݔො௡. Recalling the second of Eqs. (3), the continuity with the fluid 
line in x = L can be imposed by setting:  
 

                                                             ൝
෠ܺ௡ ൌ ܷ௔ሺܮሻ																																

௡ܨ ൌ െ݇௅ܮ
డ௎ೌ
డ௫
ቚ
௅
,			݇௅ ൌ

ఉగோమ

௅

                                                         (19) 

 
A second bounday condition for the fluid line must be given in addition to Eq. (19): their combination yields 

the characteristic equation of the coupled system. As an example, if in x = 0 the fluid line is closed, then Eqs. (19) 
and (5) give: 
 

                                                                              
௑෠೙
ி೙
ൌ െ

୲ୟ୬ሺஏ௅ሻ

௞ಽஏ௅
                                                                  (20) 

 
which substituted in Eq. (18) yields the characteristic equation.  

Different boundary conditions in x = 0 can be considered as well: coupling with a different dof of the same 
mechanical system (say the q-th dof), or coupling with another separate linear mechanical system (say in its q-th 
dof). In any case a system of two equations can be written: 
 

                                                        ቊ
෠ܺ௡
෠ܺ௤
ቋ ൌ ۶ ൜

௡ܨ
௤ܨ
ൠ ,			۶ ൌ ቈ

ሻݏ௡௡ሺܪ ሻݏ௡௤ሺܪ
ሻݏ௤௡ሺܪ ሻݏ௤௤ሺܪ

቉                                             (21) 

 
where the matrix H is diagonal in the case of coupling with two separate linear mechanical systems. Equations 
(21) can be rewritten introducing the continuity between displacements at the ends of the fluid line: 
 

                                                                   ൜
ܷ௔ሺܮሻ
ܷ௔ሺ0ሻ

ൠ ൌ ݇௅۶ܮቐ
െ

డ௎ೌ
డ௫
ቚ
௅

				
డ௎ೌ
డ௫
ቚ
଴

ቑ                                                        (22) 

 
from which, recalling the first of Eqs. (5), the characteristic equation follows immediately: 
 

                                     det ቈቂsinሺΨܮሻ cosሺΨܮሻ
0 1

ቃ ൅ ݇௅Ψ۶ܮ ቂ
cosሺΨܮሻ െsinሺΨܮሻ
െ1 0

ቃ቉ ൌ 0                        (23) 

 
The eigenvalues of the resulting coupled system can be computed by means of a zero-finding routine 

applied to Eq. (23). 
If the mechanical system ۻ෡ , ۱෠, ۹෡  is coupled with a fluid line only in its n-th dof, and if an impulse force of 

amplitude Fm acting on its m-th dof is introduced, then the associated transfer function between the p-th and m-th 
dofs of the mechanical system can be written as: 
 

                                                       ൞

௑೛
ி೘

ൌ ሻݏ௣௠ሺܪ ൅ 																																		ሻݏ௅ሺܪ

ሻݏ௅ሺܪ ൌ ሻݏ௡௠ሺܪሻݏ௣௡ሺܪ ቂ
௑෠೙
ி೙
െ ሻቃݏ௡௡ሺܪ

ିଵ                                           (24) 

 
where HL(s) represents the contribution to the transfer function of coupling with a fluid line. 

Replacing s with iω in Eqs. (24) gives the corresponding Frf (in analytical form), whose inverse Fourier 
transform yields the Irf (in numerical form): 
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ݏ                                               → i߱			 ⇒ ሻݏሺܪ			 → ሻݐ݄ሺ				ሺ߱ሻ,ܪ ൌ ࣠ିଵሾܪሺ߱ሻሿ	                                       (25) 
 

For the analytical expression of the transfer functions as in Eq. (24), the eigenvalues of the uncoupled 
mechanical system are needed, and not those of the coupled resulting system, allowing an efficient 
computation of the Frfs. On the other hand, the computation of the eigenvalues of the coupled resulting 
system, and of the inverse Fourier transform of the Frfs, require numerical procedures which in general may 
not be so straightforward. Therefore in the following the advantages-disadvantages of considering a discretized 
model for the fluid line and the possibility of expressing Irfs in analytical approximate form will be studied 
and discussed. 
 

7 Coupling with mechanical systems: discretized model 
A mechanical discrete linear system with H dofs is considered, as in section 6, whose n-th dof is coupled to 

a fluid line. Let ۻෙ , ۱ෘ,	۹ෙ  be three reduced order (H – 1)×(H – 1) matrices, obtained from ۻ෡ , ۱෠, ۹෡  by deleting 
both their n-th rows and their n-th columns, and ුܠ a reduced order displacement vector with H – 1 elements, 
obtained from ܠො by Laplace transforming and deleting its n-th component ෠ܺ௡. In addition, let ු܉௖ି௡ denote the 
n-th column of a matrix ۯ෡ , reduced to H – 1 components by deleting its n-th component (i.e. deleting A෡௡௡), 
and let ු܉௥ି௡ denote the n-th row of a matrix ۯ෡, reduced to H – 1 components by deleting  A෡௡௡. Adopting this 
notation, the resulting system of equilibrium equations and boundary conditions for the coupled system can 
be written in the following form: 
 

           

ە
ۖۖ
۔

ۖۖ
൫sۓ

ଶۻෙ ൅ ۱ෘݏ ൅ ۹ෙ൯ුܠ ൅ ൫sଶܕ෕௖ି௡ ൅ ௖ି௡܋̌ݏ ൅ ሙܓ ௖ି௡൯ ෠ܺ௡ ൌ ૙																																																																	

൫sଶܕ෕௥ି௡ ൅ ௥ି௡܋̌ݏ ൅ ሙܓ ௥ି௡൯ුܠ ൅ ൫sଶM෡௡௡ ൅ C෠௡௡ݏ ൅ K෡௡௡൯ ෠ܺ௡ ൌ ௡ܨ ൌ െ݇௅ܮ
ௗܖ౐

ௗ௫
ቚ
௅
																				ܝ

෠ܺ௡ ൌ ௅ܖ
୘ܝ																																																																																																																																																			

ቂݏଶ݉௅ۻ௅ ൅ ௅ܿݏ
௕ሺ௦ሻ

௕ሺ଴ሻ
۱௅ ൅ ݇௅ሺ۹௅ െ ۹஻஼ሻቃ ܝ ൌ ૙,			݉௅ ൌ ௅ܿ			,ܮଶܴߨߩ ൌ 2߱௅݉௅,			߱௅ ൌ ට

௞ಽ
௠ಽ

      (26) 

 
where the last equation is Eq. (16) rewritten in a non-dimensionless form, as a function of mL, cL, and kL. 

A further boundary condition at the opposite side of the fluid line must be added to Eqs. (26): for 
simplicity it is assumed a closed end, but as said in section 6 the results could be easily extended to the 
general case. For a fluid line with a closed end in x = 0 and a coupled end in x = L, the shape functions are 
given by setting Bn = 0 in the first of Eqs. (11), yielding a set of admissible functions. 

The procedure to obtain the H + N – 1 equilibrium equations of the coupled system (where N is the 
selected number of dofs for the discretized fluid line) consists of 5 steps: 1) introducing the third of Eqs. (26) 
in the second one; 2) multiplying the latter equation to the left by nL; 3) introducing in the same equation the 
changement of variables: 
 

                                                                               
ௗܖ౐

ௗ௫
ൌ

గ

ଶ௅

ௗܖ౐

ௗఝ
                                                                     (27) 

 
4) recalling the definition of matrix KBC given in Eq. (13), depending on the boundary conditions of the fluid 
line, which yields: 
 
                  െ݇௅۹஻஼ ൌ ൣsଶM෡௡௡ ൅ C෠௡௡ݏ ൅ K෡௡௡൧ܖ௅ܖ௅

୘ ൅ ෝ௥ି௡ܕ௅ൣsଶܖ ൅ ௥ି௡܋̂ݏ ൅ መܓ ௥ି௡൧ුܝܠ୘‖ܝ‖ିଶ              (28)           
 
5) substituting the expression of matrix KBC given by Eq. (28) in the last of Eqs. (26). After introducing the 
definition of the following mass, damping and stiffness N×N matrices: 
 

ۻ                         ൌ M෡௡௡ܖ௅ܖ௅
୘ ൅ ݉௅ۻ௅,			۱ ൌ C෠௡௡ܖ௅ܖ௅

୘ ൅ ܿ௅
௕ሺ௦ሻ

௕ሺ଴ሻ
۱௅,			۹ ൌ K෡௡௡ܖ௅ܖ௅

୘ ൅ ݇௅۹௅                  (29) 

 
the resulting (H + N – 1)×( H + N – 1) matrices for the coupled system take the form: 
 

ௌۻ                    ൌ ൤ ෙۻ ௅ܖ෕௖ି௡ܕ
୘

෕௥ି௡ܕ௅ܖ ۻ
൨ , 	۱ௌ ൌ ൤ ۱ෘ ௅ܖ௖ି௡܋̌

୘

௥ି௡܋௅̌ܖ ۱
൨ , ۹ௌ ൌ ቈ

۹ෙ ሙܓ ௖ି௡ܖ௅
୘

ሙܓ௅ܖ ௥ି௡ ۹
቉              (30) 
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leading to the H + N – 1 equilibrium equations of the coupled system: 
 

                                                          ሾݏଶۻௌ ൅ ۱ௌݏ ൅	۹ௌሿܡ ൌ ૙,			ܡ ൌ ቂුܠ
ܝ
ቃ                                                   (31) 

 
It can be outlined that setting M෡௡௡ = 0 in the equilibrium equations, yields a viscoelastic link at the interface 

between fluid and solid systems. In the discretized model the only effect would be having M = mLML in Eqs. 
(29). The matrices MS, CS and KS are symmetric, MS definite positive, CS and KS definite positive or semi-
definite positive. CS does not depend on the eigenvalue s only in the case of the 1-dimensional Newtonian 
fluid model. In any case the damping distribution matrix CS is ‘non-proportional’ with respect to MS and KS, 
and more in general it cannot be diagonalized by the modal matrix of the related undamped model (CS = 0).  

This result could be extended without any difficulty to the case of a fluid line coupled with two 
independent mechanical systems, leading to H1 + H2 + N – 2 equilibrium equations, or coupled with two 
different dofs of the same mechanical system, leading to H + N – 2 equilibrium equations. 

The eigenproblem in Eq. (31) can be rewritten in a state space form: 
 

                                         ቈݏ ൤
۱ௌ ௌۻ
ௌۻ ૙ ൨ ൅ ൤

۹ௌ ૙
૙ െۻௌ

൨቉ ቂ
ܡ
ቃܡݏ ൌ ૙			 ⟺			 ሾۯݏ ൅ ۰ሿܢ ൌ ૙	                           (32) 

 
In the case of 1-dimensional Newtonian fluid model, Eqs. (32) can be decoupled by solving a 

conventional eigenproblem. The above described procedure may therefore be conveniently adopted in the 
case of 1-dimensional Newtonian fluid model, being suitable for easy implementation in the Finite Element 
Method: the physical dofs connected with a fluid line are ‘expanded’ to the size of the discretized fluid 
model, by means of the analytically defined matrices ML, CL and KL. 

In the case of 2-dimensional fluid models, an iterative procedure can be applied to Eq. (32) for computing 
the eigenvalues. Unfortunately, the simple recursive computation of the Rayleigh’s quotient: 
 

௝ାଵݏ                                                                            ≅ െ
ܢ౐۰ܢ

ܢೕۯ౐ܢ
                                                                     (33) 

 
using the eigenvectors z of the 1-dimensional model, and introducing at each iteration the actual value s in 
the eigenvalue-dependent matrix A, in general is not accurate enough (as shown in the following section). 
Therefore, an appropriate method for the refinement of both the values s and the vectors z should be adopted. 
Let s and z be approximate values, and s + Δs and z + Δz the exact values for them. Then: 
 

                                ൜
ሾۯݏ ൅ ۰ሿܢ ൌ ઽ																													
ሾሺݏ ൅ Δݏሻۯ ൅ ۰ሿሺܢ ൅ Δܢሻ ൌ ૙

			⟹ ݏΔܢۯ			 ൅ ሾۯݏ ൅ ۰ሿΔܢ ≅ െઽ	                             (34) 

 
where the elements of second-order smallness are neglected. Without loss of generality, the first component 
of the vector Δz can be set equal to zero (since z is determined accurately to within a constant multiplier), 
yielding a linear system with the same number of equations and unknowns (Δs and Δz without its first 
component). After solving the system, and  introducing the refined value s + Δs in the eigenvalue-dependent 
matrix A, the process can be repeated iteratively (Derwidué’s method [16-17]). This is a very simple and 
generally fast procedure, which works for both Newtonian and non-Newtonian fluid models. The accuracy of 
the results clearly depends on the accuracy of the discretized model of the fluid line (kind and number of 
selected shape-functions), paying attention to the conditioning of the coefficient matrices computed in the 
iterative procedure. 
 

8 Coupling with mechanical systems: solution in the time domain 
The direct expression of Frfs through transfer functions, as shown in section 6 Eqs. (24), is a useful tool 

for selecting an appropriate number of modes for approximating the solution of the coupled fluid-mechanical 
system. It should be particularly helpful for reducing to a minimum necessary (say 2Z < 2H) the number of 
numerically computed eigenvalues sn: 
 
௡ݏ                                                                            ൌ ௡ߪ ൅ iΩ௡                                                                     (35) 
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Approximate expressions for the Irfs can then be written as linear combinations of complex-conjugate 

exponential functions exp(snt): so the problem reduces to the computation of a set of optimal ‘modal’ 
coefficients.  

Since analytical expressions of the Frfs are available from  Eqs. (24), they can be used for finding a set of 
optimal ‘modal’ coefficients by means of a fitting procedure. The imaginary parts Ωn of the computed 
eigenvalues sn are selected as fitting points for comparing the Frfs given by Eqs. (24) and their approximate 
‘modal’ expansions: 
 

                                                  ∑
௔೙ା୧௕೙
୧ஐ೓ି௦೙

௓
௡ୀଵ ൅

௔೙ି୧௕೙
୧ஐ೓ି௦೙

∗ ൌ
௑೛ሺ୧ஐ೓ሻ

ி೘
,			݄ ൌ 1…2ܼ                                             (36) 

 
Equations (36) form a linear system of 2Z equations in the 2Z real unknowns an and bn, yielding a set of 

2Z approximate ‘modal’ coefficients: 
 
෤௡ߛ                                                                               ൌ ܽ௡ േ iܾ௡                                                                   (37) 
 

Finally, the analytically aproximated expressions for both the Frfs and Irfs can be written, given the 
eigenvalues sn and the ‘modal’ coefficients in Eq. (37): 
 

ሺ߱ሻܪ                                                      ൌ ∑ ఊ෥೙
୧ఠି௦೙

,ଶ௓
௡ୀଵ 			݄ሺݐሻ ൌ ∑ ෤௡݁௦೙௧ߛ

ଶ௓
௡ୀଵ                                              (38) 

 
These approximations can be acceptable provided the number of selected eigenvalues is sufficient. 

 

9 Numerical application 
As represented in Fig. 2, a fluid line of length L closed at one end, at the other end is coupled to a 

mechanical system consisting of two masses linked by springs and viscous dampers, according to the 
parameters reported in Tab. 1. 
 

Fluid line Mechanical system 

 = 1500 [Mpa] m1 = m2 = 0.1 [Kg] 

 =  800 [Kg m–3] c1 = 0 [N s m–1], c2 = 0.01× kL [N s m–1] 

α2 = 1 k1 = k2 = 10× kL [N m–1] 
λf = 0 [s] ω1 = 424.26081864 [rad s–1] 

ν =  / = 160 [cSt] ω2 = 1110.72924328 [rad s–1] 

R = 3.5 [mm] s1,2 =  –67.23056757  i 428.51585446  [rad s–1] 
L = x2 – x1 = 12.25 [m] s3,4 =  –168.38888144  i 1073.28121743  [rad s–1] 

Table 1: parameters of the coupled systems. 
 

 

Figure 2: fluid line coupled to a simple mechanical system. 
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For this system, the following equilibrium equations and boundary conditions can be written in addition 
to Eqs. (3):  
 

                                            ൞

sଶܯଶܺଶ ൅ sܿሺܺଶ െ ଵܺሻ ൅ ݇ሺܺଶ െ ଵܺሻ ൌ 0																												

sଶܯଵ ଵܺ ൅ sܿሺ ଵܺ െ ܺଶሻ ൅ ݇ሺ ଵܺ െ ܺଶሻ ൌ ଵܨ ൌ െ݇௅ܮ
డ௎ೌ
డ௫
ቚ
௅

ଵܺ ൌ ܷ௔ሺܮሻ																																																																																				

                           (39) 

 
where X1 and X2 are the Laplace transforms of the displacements x1 and x2. 

The natural frequencies and the eigenvalues of modes 1-6, for both the 1- and 2-dimensional fluid Newton 
models, computed with a zero-finding routine, are reported in Tab. 2. 

In Tab. 3 a comparison is presented between the eigenvalues computed by solving the characteristic 
equation with a zero-finding routine (section 6), and by using the iterative methods described in section 7 for 
the discretized model (Rayleigh quotient and Derwidué method, with N = 7, selected number of dofs for the 
discretized fluid line). Clearly, the Rayleigh quotient alone (using the eigenvectors of the 1-dimensional fluid 
model) is not accurate enough. But the results can be significantly improved with a few iterations of the 
Derwiduè method (using as starting values the results of the Rayleigh quotient iteration). 
 

Mode ωn 1-dimensional [b(0)] 2-dimensional [b(s)] 

1      274.07758475   – 52.77188165   i   269.90322106   – 50.76888227   i   239.80780285 
2      485.64628113   – 61.25776227   i   487.37967197   – 66.91557038   i   454.32160347 

3      751.06290115   – 71.49272997   i   756.64878218   – 88.81574156   i   701.23196582 
4    1023.18111575 – 149.75739471   i 1009.31628398 – 147.60446555   i   972.38123627 
5    1162.07303257    – 68.47401667   i 1133.49492441 – 119.51680421   i 1085.48015414 
6    1449.57750484   – 50.19149507   i 1447.76695664   – 97.39091392   i 1361.03327703 

Table 2: eigenvalues [rad/s], Newton model, and natural frequencies [rad/s] 
 

Mode 1 1-dimensional [Tab. 2]   – 52.77188165   i   269.90322106 
Rayleigh 3 iterations   – 51.03295246   i   241.45232231 
Derwidué 4 iterations   – 50.76868359   i   239.80776990 
Derwidué 8 iterations   – 50.76888227   i   239.80780284 

2-dimensional [Tab. 2]   – 50.76888227   i   239.80780285 

Mode 3 1-dimensional [Tab. 2]   – 71.49272997   i   756.64878218 
Rayleigh 3 iterations   – 88.77010416   i   701.43042180 

Derwidué 4 iterations   – 88.81574236   i   701.23196541 
Derwidué 8 iterations   – 88.81574160   i   701.23196594 
2-dimensional [Tab. 2]   – 88.81574156   i   701.23196582 

Mode 5 1-dimensional [Tab. 2]   – 68.47401667   i 1133.49492441 

Rayleigh 3 iterations – 115.13852882   i 1073.64022113 
Derwidué 4 iterations – 119.51670325   i 1085.47984465 
Derwidué 8 iterations – 119.51678392   i 1085.48019834 
2-dimensional [Tab. 2] – 119.51680421   i 1085.48015414 

Table 3: Comparison of eigenvalues [rad/s], Newton model. 
 

In the following, Frfs H(ω) and Irfs h(t) are both computed in xou = x2, due to forces acting in xin = x2. The 
Frfs H(ω) are normalized with respect to the static stiffness: 
 

                                                                      ݇௡௢௥௠ ൌ ݇ଶ ൅
௞భ௞ಽ
௞భା௞ಽ

                                                                 (40) 
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Figures 3-4 show a comparison between the Frfs H(ω) computed for the uncoupled mechanical system 
(as in Tab. 1), the 1- and 2-dimensional Newton models. 

Figures 5-6 show the effect of varying the viscosity coefficient μ in the Frf H(ω) for the 2-dimensional 
Newton model. The curves are plotted for 0.8×μ, 0.9×μ, 1.0×μ, 1.1×μ, 1.2×μ respectively, μ as in the 
reference case of Tab. 1. 

Figures 7-8 show a comparison between the Frfs H(ω) computed for the 2-dimensional Newton and Maxwell 
models, with μf = μ in all cases; 1) α2 = 1.0, λf = 0 s; 2) α2 = 0.5, λf = 0 s; 3) α2 = 1.0, λf = 0.1	ݏఈభ, α1 = 0.5.  
 

 

Figure 3: modulus of the Frf H(ω); uncoupled mechanical system, 1- and 2-dimensional Newton models. 

 

Figure 4: phase of the Frf H(ω); uncoupled mechanical system, 1- and 2-dimensional Newton models. 

 

Figure 5: modulus of the Frf H(ω) for the 2–dimensional Newton model; effect of varying the viscosity μ. 
 

0 50 100 150 200 250 300
0

0.5

1

1.5

2

2.5

 [Hz]

M
od

ul
us

 [ H
(

)]

 

 

no fluid line
1-dimensional Newton model
2-dimensional Newton model

0 50 100 150 200 250 300
-180

-160

-140

-120

-100

-80

-60

-40

-20

0

 [Hz]

Ph
as

e 
[ H

(
)]

 [
°]

 

 

no fluid line
1-dimensional Newton model
2-dimensional Newton model

0 50 100 150 200 250 300
0

0.5

1

1.5

 [Hz]

M
od

ul
us

 [H
(

)] 



11 
 

 

Figure 6: phase of the Frf H(ω) for the 2-dimensional Newton model; effect of varying the viscosity μ. 

 

Figure 7: modulus of the Frf H(ω); comparison between the 2-dimensional Newton and Maxwell models. 

 

Figure 8: phase of the Frf H(ω); comparison between the 2-dimensional Newton and Maxwell models. 
 

Figure 9 shows a comparison between the Irfs h(t) computed for the uncoupled mechanical system (as in 
Tab. 1), and the 1- and 2-dimensional Newton models. In the case of the 1-dimensional Newton model, the 
differences between the results given by the method of the Inverse Fourier Transform and those given by the 
discretization method (section 7) are negligible. In the case of the 2-dimensional Newton model, the 
differences between the results given by the method of the Inverse Fourier Transform and those given by the 
modal approximation procedure (section 8) can be considered negligible as well: the numerical Irf 
(computed by means of the inverse fast Fourier transform algorithm, with Δω = 2π/10 and Δt = 2.5×10–5) is 
compared with the analytical modal aproximate Irf (condition number of the coefficient matrix ncond ≈ 22); the 
error ε (defined as the absolute value of the difference) between the Irfs is represented in Fig. 10. 
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Figure 11 shows the effect of varying the viscosity coefficient μ in the Irf h(t) for the 2-dimensional 
Newton model. The curves are plotted for 0.8×μ, 0.9×μ, 1.0×μ, 1.1×μ, 1.2×μ respectively, μ as in the 
reference case of Tab. 1. 

Figure 12 shows a comparison between the Irfs h(t) computed for the 2-dimensional Newton and Maxwell 
models, with μf = μ in all cases; 1) α2 = 1.0, λf = 0 s; 2) α2 = 0.5, λf = 0 s; 3) α2 = 1.0, λf = 0.1	ݏఈభ, α1 = 0.5. 

 

Figure 9: Irf h(t); uncoupled mechanical system, 1- and 2-dimensional Newton models. 

 

Figure 10: error-difference between numerical and analytical approximate Irf h(t). 

 

Figure 11: Irf h(ω) for the 2-dimensional Newton model; effect of varying the viscosity μ. 
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Figure 12: Irf h(t); comparison between the 2-dimensional Newton and Maxwell models. 
 

In any case, strong differences between the 1- and 2-dimensional models can be observed: therefore the  
1-dimensional assumption should not be considered for accurate simulations. Note also that the non-integer 
derivative order 2 influences both the attenuation and the mode frequencies. A reduction of 2 reduces the 
attenuation (primary effect) and increases the mode frequencies (secondary effect). Increasing λf or 1 has 
the opposite effect of reducing 2. Clearly, different combinations of the four parameters μf, 2, λf and 1 
would allow a fine regulation in controlling the shape of both Frfs and Trfs, which may be of practical 
interest when fitting experimental data over wide frequency or time intervals.  
 

Conclusions 
In this study some procedures were presented for the dynamic analysis of fluid transmission lines with 

linear viscoelastic fluids coupled to mechanical systems, suitable for fast and accurate simulations of their 
dynamic responses in both the frequency and time domains. 

The transient laminar flow in circular, constant section fluid lines was modeled according to both 1- and 
2-dimensional assumptions, and to a non-integer order derivative constitutive law, namely the fractional Maxwell 
model, of which the Newton model can be considered a particular case. 

Two different approaches were adopted, using continuous fluid models (for expressing Frfs in exact 
analytical form), and discretized fluid models by modal decomposition (for expressing Trfs in approximate 
analytical form), highlighting the effects of constitutive parametric variations on Frfs and Trfs, which may be 
of practical interest when fitting experimental data over wide frequency or time intervals. In any case, strong 
differences between the 1- and 2-dimensional fluid models were observed: therefore the 1-dimensional 
assumption should not be considered for accurate simulations. 
     The discretized fluid model is suitable for easy implementation in a FE model of a mechanical system: the 
computation of eigenvalues and modal coefficients in the case of 2-dimensional linear fluids (Newtonian or 
non-Newtonian) consist of the solution of a standard linear eigenproblem, followed by the solution of a 
(generally small) number of linear algebraic systems. 
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